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Abstract 

Solutions are found to field equations constructed from the Pauli, Bach 
and Gauss-Bonnet quadratic tensors to the Kasner and Kasner brane 
spacetimes in up to five dimensions. A double Kasner space is shown to 
have a vacuum solution. Brane solutions in which the bulk components 
of the Einstein tensor vanish are also looked at and for four branes a 
solution similar to radiation Robertson- Walker spacetime is found. Matter 
trapping of a test scalar field and a test perfect fluid are investigated using 
energy conditions. 

gr-qc/0510005 
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1 Introduction 



Randall and Sundrum [9] considered models where four dimensional spacctime 
is multiplied by a conformal factor which has dependence on the fifth dimension. 
Originally the four dimensional spacctime was taken to be flat and the depen- 
dence on the fifth dimension such that overall the space was five dimensional 
anti-deSitter space. Apart from flat four dimensional spacctime, four dimen- 
sional Godel spacetime Barrow and Tsagas [2] and four dimensional Bianchi 
type IX cosmologies van den Hoogen, Coley and He [6] have been considered. 
Here, instead of four dimensional flat spacetime, Kasner spacctime in various 
dimensions is considered, with a view to seeing what sort of field equations can 
be obeyed. The field equations that are looked at are those involving quadratic 
curvature, as such field equations often occur in fundamental theories such as 
string theories. There is a choice of using field equations from Lagrangians 
involving the Ricci scalar squared, the Ricci tensor squared, and the Riemann 
tensor squared, or equivalently using the Pauli, Bach and Gauss-Bonnet tensors. 
The later has the advantage that interpretation of the tensors is more immedi- 
ate. The Pauli tensor [8] comes from varying a Ricci scalar squared Lagrangian 
and is defined by 

Pab = 2R wb - 2RR ab + g ab {R 2 /2 - 2DR), (1) 

as it comes from varying the simplest quadratic scalar it is the most frcquantly 
studied. The Bach tensor [f] comes from varying the Wcyl squared Lagrangian 
and is defined by 

B a b = 2C a cd b R cd + 4C a c b . c . d , (2) 

it has several unusual properties such as: trace-free, conformal invariancc, 
asymptotically increasing (i.e. exp(+fcr)) spherically symmetric linearization, 
faster-than-light linearization. The Bach tensor often occurs in quantum theo- 
ries where it cancels out divergent one-loop terms. The Gauss-Bonnet invariant 
[ ] is 

GB = R cdef R cdef - AR cd R cd + R 2 , (3) 
variation gives the Gauss-Bonnet tensor 

GB ab = AR ac d e R b dC — 8R c dR C a d b ~ &RacR C b + 4-R-Rat — 9abGB, (4) 

it vanishes in four dimensions, but could be the dominant low energy quadratic 
curvature contribution from string theory. A scalar field has 

R ab = 2<f> a b - g ab V {4> 2 ) , (5) 

and a perfect fluid 

Gab = {V + V) U a U b + V 9ab , Rab ={V + ix) U a U b + ^—^Sab, d ^ 2. (6) 

often the equation of state 

V = (7 - 1) M, (7) 
is used. Calculations were done using grtensor2 /maple9 [7] . 
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2 Kasner spacetime in two dimensions. 

In two dimensions the line clement is 



ds 2 2 = -dt 2 + t 2p dx 2 , (8) 

a; is a Killing coordinate, but not t. The Weyl, Bach and Gauss-Bonnet tensors 
either vanish or are not defined. The Ricci tensor is given by 

_ p(p-l) ft 2 ? \ 

R ab -—^—^ _ x y (9) 

The Pauli tensor is given by 

_ 2p(p-l)(p + 3) / -{p-A)t 2p 0\ 

^ab- ti y q p J, [W) 

so that when p = —3 there is a non-flat solution to the vacuum Pauli equations, 
this contrasts to the p = 1 case where the Ricci tensor vanishes but the spacetime 
is flat. The curvature invariants are 

= J?(P _^ RicciSq=-R 2 , RiemSq — R 2 , (11) 

t A 2 

when p = 1 the spacetime is flat, otherwise there is one degree of freedom. For 
a vector field 

v a = 6f 7 norm[v] = -1, v a = [0, -1], v a = 0, 9= f , 

u ab = 0, <j=% <T ab = 6%%tP*- 1 \ (12) 



3 Kasner spacetime in three dimensions. 

The line element is 

ds 2 = -dt 2 + t 2pi dx 2 + t 2p2 dy 2 , (13) 

The Weyl, Bach and Gauss-Bonnet tensors either vanish or are not defined. The 
Ricci tensor, scalar and Pauli tensor up to symmetry in x and y are: 

R xx = (pi +P2- l)i (2pi ~ 2) , Ru = -£(-Pi ~P2 +P 2 i +Pl), 

R= ^(p 2 1 +p 2 2 + 2p 1 p 2 - Pl -p 2 ) 1 (14) 

Pxx = §(Pi-Pi- PW2 +pl-5p 2 + l2), P tt = £(3pi + p\ + 3p 2 +p 2 - P1P2). 

No solutions for this line element have been found at all. The traditional con- 
straints pi +p2 = 1, p 2 +p 2 = l, here reduces to p\ = 0, p 2 = 1, which gives 
vanishing RiemSq. 
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4 Kasner spacetime in four dimensions. 

The metric is 

ds 2 = -dt 2 + t 2pi dx 2 + t 2p2 dy 2 + t 2p3 dz 2 , (15) 

Let 

b = p 1 +p 2 +p 3l a 2 = p\ + pj + pj, c = p 1 p 2 +PiP 3 +P2P3, (16) 

then 

2c = b 2 - a 2 . (17) 
The Ricci tensor is given by 

R xx = (b-l) Pl t^- 2 \ R tt = {b-a 2 )r 2 , (18) 
where the y and z components are given by symmetry. The Bach tensor is 

B xx = ^(2a 2 -3 + 2b-b 2 )(3a 2 -b 2 -4b-4p 2 + 12 Pl +4p 2 p 3 ), 
Btt = ^(2a 2 -3 + 2b-b 2 ){3a 2 -b 2 ). (19) 
For the vector field 

v a = 6?, (20) 

the acceleration, vorticity, and magnetic part of the Weyl tensor all vanish, but 
the expansion is 

v b , . 

e= -, (2i) 



the shear tensor is 

t 2 Pl -l 



3 

the shear scalar is 



(-2 Pl +p 2 +p 3 ), a tt =0, (22) 



a = ^MT- (23) 

When a 2 = b = 1 both the Ricci tensor and the Bach tensor vanish, and the 
curvature invariants are 

Ricciscalar = 0, RicciSq = 0, WeylSq = RiemSq = — — j -, (24) 

this is the traditional solution: however the Bach tensor also vanishes when 



2a 2 - 3 + 2b - b 2 = or b = 1 ± v^a 2 - 2, (25) 



and this combination of constants has other solutions. For example: the expansion- 
free case when b = & 2a 2 = 3, 21 shows the expansion vanishes and 23 shows 
non-vanishing shear scalar, this has curvature products 

R=&, RicciSq=§ [ , WeylSq=-^(-l-3p 3 + ^p 3 3 ), 

RiemSq = - Ji(-24p 3 + 32p| - 17), (26) 

and the shear- free case when a 2 = b = 3, 23 shows there is vanishing shear 
scalar and 21 shows non-vanishing expansion, this has curvature products 

6 12 12 

R=~2, RicciSq—^-, WeylSq = 0, RiemSq = (27) 

5 Kasner spacetime in five dimensions. 

The line element is 

ds 2 = -alt 2 + t 2pi dx 2 + t 2p2 dy 2 + t 2p3 dz 2 + t 2pi dw 2 , (28) 
There is the traditional type solution, with 

Pi+P2+Pa+P* = l, pI+pI+pI+p 2 4 = 1, (29) 
the Ricci, Pauli and Bach tensors all vanish. The invariants are 

RiemSq = WeylSq = X (30) 
{-2p 3Pi + p 2 P4 + p\p A + p\p 3 + p\p 3 + 2p\ + 2p\ - 2p\ - 2p\ + plpA 2 ). 

For the constraints 

P3 = Pi = 0, Pl+P2 = l (31) 

the Gauss-Bonnet tensor vanishes and the invariants are 

R = 2p2< ^ 2 ~ l \ RiemSq = 3i? 2 , RicciSq^R 2 , WeylSq = —R 2 , (32) 
t z 6 

this is the same pattern as some scalar five dimensional solutions [10]. No other 
five dimensional Kasner solution has been found. 



5 



6 The Kasner one brane. 

The line element is 

ds 2 = - cxp(^=)dt 2 + d X 2 , (33) 

this line element obeys the vacuum Einstein equations G a b = 0, and has curva- 
ture invariants 

R = RiemSq = R 2 , RicciSq =):R 2 . (34) 

2a 2 

7 The Kasner two brane. 



The line element is taken to be 

X 



ds 2 = cxp(^S-) {-dt 2 + t 2p dx 2 ) + d X 2 - (35) 



After subtracting off the cosmological constant using 

-flab = i^ab H : 9ab, O a b = ^ab H „ Sab, I'JOj 

where d is the dimension of the spacetime, the curvature is given by 

Rtt = V 7 R xx = -t 2p V, G xx = Vexp(-^=) , V= pijP ~ l \ (37) 



/o 



The stress on the brane surface can be taken to be that of a d = 2 scalar field in 
which the derivatives of the field are negligible and the potential given by V in 
37; alternatively the stress can be taken to be that of a d = 3 fluid with vector 
field U a = (0, 0, 1), V = 0, [i = G xx , this is less satisfactory as the fluid vector 
U is not timelike nor in the brane. 

No solutions for the 'mixed up' brane line element 

ds 2 = exp(^) (-dt 2 + t 2pi dx 2 ) + t 2p2 d X 2 - (38) 
Ja 



have been found for p2 7^ 0. 

8 The Kasner three brane. 

The line element is taken to be 

ds 2 = exp(-£=) (-dt 2 + t 2pi dx 2 + t 2p2 dy 2 ) + d X 2 . (39) 



After subtracting off the cosmological constant using 36 the modified Ricci and 
Einstein tensors arc 



P1P2 , Pi (1 - P2 )t 2Pl , Pi ( 1 - Pi )t 2P2 , ( V P - V p 2 - PlP2 ) CX P ( - -£= ) , 

^-^ ^-^ %Ja 



Gab = -^-diag 
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For pi = 1, p2 = the line element has just the cosmological constant, for 
G xx = solving the quadratic gives 



P2 



i(l-pi±A/(l-Pi)(l + 3 Pl )), (41) 



if pi = P2 then 41 gives both equal to 2/3 and the modified stress 41 is that of 
a perfect fluid 6 with 

U a = [1,0,0], A i = 2P = ^, (42) 

if pi ^ P2 then the spacetime cannot be that of a perfect fluid as a timclikc fluid 
vector U cannot be chosen. 

For pi = 3, P2 = the vacuum-Bach equations are obeyed and the invariants 

are 

R =7^ (-t 2 + 8acM-^), WeylSq=192t-*cM-3k), 



RiemSq = \R 2 + ^WeylSq, RicciSq = \R 2 + \WeylSq. (43) 

9 The Kasner brane fluid. 

The line element is taken to be 

dsj = CXp (~^=j ^ = 4kas„cr + d X' \ (44) 

with ds^ =4kasner given by 15. The metric is not Ricci-flat for any values of the p's 
as the exp(x/v / c?) term always occurs. After subtracting off the cosmological 
constant using 36 and using the notation 16 the modified Ricci and Einstein 
tensors are 

R ab = ^[6-a 2 ,t 2 > 4 (^-l),0], (45) 

Gab = 77 
t z 



Pi - a +Pi,(b — a - c) cxp - 

la. 



where i is not summed; as for the three brane 42 take the p's all equal, the value 
which gives G xx = 0isp=l/2 and the result is a perfect fluid with 

U a = [1,0,0,0], fx = 3V=-^, (46) 

which has a radiation equation of state. Transferring the d = 4 solution to 
spherical coordinates 

ds 2 =~dt 2 +t dS|, S 2 = dr 2 + r 2 (d9 2 + sm{9) 2 d<p 2 ), (47) 

grtensor calculates the Ricciscalar, Weyl, Bach and Pauli tensors all to vanish 
and the non-vanishing curvature is most easily expressed in terms of the Ricci 
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scalar $ 



llll 



$00 = 4$n = 4$ 22 = i (48) 
RiemSq = 6<3?oo, RicciSq = 3<&oo, 



10 The quadratic order Kasner four brane. 

For the line element 44 using the traditional constraints 16 with a,b = 1, the 
curvature products are 

«=-£, RicciSq = \R 2 , (49) 
Wej/ZSg = 16 ^ ( t 4~ P3) exp(2^g), ffiemSg = Wej/ZSg + ^i? 2 . 

So far no solutions involving the Bach tensor have been found. The field equa- 
tions 

G ab - 'iPab/5 = 0, (50) 

and 

G ab + aGB ab + aS^WeylSq = 0, (51) 

are obeyed. For the expansion-free constraints b = & 2a 2 = 3 and the shear- 
free constraints a 2 = b = 3 the Bach tensor is non-vanishing, but no field 
equations have been found to be obeyed. 



11 The double Kasner solution. 

Instead of choosing a five space of constant curvature it is possible to choose 
the five space to be of Kasner form. An example of this is the double Kasner 
metric 

dsj = x 29l t 2pi dx 2 +x 292 i 2p2 ^ 2 +x 293 i 2p3 ^ 2 -X 294 i 2p4 ^ 2 +X 295 i 2p5 dx 2 , (52) 
which has Ricci tensor 

Ri l = x- 2q4 t~ 2p ^ 2 Pl (P 5 -2p 4 -l)-x~ 2q5 ~ 2 t~ 2p5 qi (Q 5 -2q 5 -l), 

iV = X - 2q4 t- 2p *- 2 (Pi -Pi + (pa - P 5 )(l +Pi)) - X - 2q5 - 2 t- 2p5 qi (Qb - 2q 5 - 1) , 

R* = x - 2 i^h~^ (Q±{1 + q 5 ) - Ql) - x - 2q4 t- 2p4 -' 2 (-Ps + 2p4 + l), 

= x-^'-H- 2 **- 1 (PQ - q 4 P 3 - P5 Q 3 ) , (53) 

where 

3 j j 

pq^J2i*p 1 > p o = Y,p^ p 1=HpI ( 54 ) 

i—1 i—1 i — 1 
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and similarly for q. There is the non-interacting vacuum solution 

2 1 

9i = 92 = P2 = P3 = g, Pi = 93 = -r, P4 = P5 = 94 = 95 = 0. (55) 

There is no immediate interacting vacuum solution to these constraints, as for 
example 

2 1 11 

P\=P2 = -, P3 = -g, 9i = 92 = 93 = 2' ?4 = --, Pi = P5 = 95 = 0, (56) 

solves the non-interacting equations but gives the wrong sign for the interacting 
PQ equation. The choice 

2 1 

Pi = P2 = 9i = 92 = -, P3 = 93-g, Pi = -94 = -a, P5 = -95 = 1-0, (57) 

where a is a constant, is a vacuum solution with non- vanishing Ricmann com- 
ponents; however the Kretschmann invariant vanishes RiemSq = K = 0, also 
the quadratic tensors vanish. 



12 Matter trapping 

In order to consider matter trapping [11, 12] one takes test objects, such as 
particles, fields or fluids, and investigates whether they coalesce toward the 
brane or disperse. A criteria to judge whether this is happening whether the 
energy conditions [5]§4.3 or equations similar to them are obeyed. For example a 
minimal scalar field obeys the null converges condition, but this is not sufficient 
for minimal scalar fields always to coalesce toward the brane because the energy 
condition for the brane spacetime depends on its Ricci tensor rather the test 
minimal scalar's hatted Ricci tensor. Consider a masslcss variable separable 
Klein-Gordon test scalar field in the spacetime with line element given by 44 
and 15, a solution is 

ip = /l< (1 - fc) ci-f (a~i X ) , (58) 

where A is a constant and b given by 16. For the null vector 

N a = exp(--^=)S?±S« (59) 

the null convergence condition is 



N a N b R ab = 2 jcxp^--^=J^ t ±^ x j (60) 

o A2-i-2b 

-K\Ja L 

as this is positive this particular Klein-Gordon matter converges toward the 
brane. It is not immediate what sort of energy conditions and vector fields are 
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best in the non-null case, in particular should the vector field V be timelike or 
in some sense point toward the brane, and the usual energy conditions hold for 
an arbitrary timelikc vector field, should this arbitrariness still be present or 
could a specific vector field be used. As a second test object consider a perfect 
fluid 6 with timelike vector field, acceleration and expansion 

v «=^y^) 5 - va =^ M cxp (-2^)< (6i) 

where b is given by 16. The conservation equations are 

T^ b = -tH-\(lM + V), T x b . b =V x + ^=(» + V), (62) 
assuming the equation of state 7 and separation of variables gives the solution 

^^ b7exp (-^T)7^)' (63) 

where A is a constant: this solution decays for large \- 



13 Conclusion. 

For higher order tensors. The d = 2 Kasner spacetime 10 has a vacuum-Pauli 
solution whenp = —3. No solutions to d = 3 Kasner spacetime have been found. 
The d — 4 Kasner spacetime is a vacuum-Einstein solution when the p's obey 
the traditional constraints, however there are additional vacuum-Bach solutions 
when the p's obey expansion-free or shear-free constraints 25. The d — 5 Kasner 
spacetime has a solution similar to the traditional d = 4 solution 29, and also 
a simple solution which has vanishing Gauss-Bonnet tensor 31. The Kasner 
one brane 33 is a solution to the vacuum-Einstein equations. The Kasner two 
brane is a solution to the Pauli-Einstein equations when p = 1. The Kasner 
three brane is a solution when p\ = p, P2 — 0, for p = +1 it is a solution to 
both the vacuum-Pauli and vacuum-Bach equations, for p = —3 it is a solution 
to the vacuum-Bach equations. The Kasner four brane has a solutions to the 
Pauli-Einstein 50 and also to the Gauss-Bonnet-Einstein equations 51. 

For double Kasner spacetime 52 a non-interacting vacuum solution was found 
55, but no interacting solution was found. 

For brane fluids, with a perfect fluid in the brane and a vacuum in the bulk 
three brane 42 and four brane 46 solutions were found. The four brane solution 
has a four metric the same as k = radiation filled Robertson- Walker spacetime. 

For brane fluids, a test scalar field obeys a null convergence condition 61, 
and in this sense the field converges onto the brane; a test perfect fluid 63 decays 
away from the brane and in this sense is trapped on the brane. 
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